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D-1. Mean values and root mean square deviations of X and P in a state |¢,,)

Neither X nor P commutes with H, and the eigenstates |, ) of H are not eigen-
states of X or P. Consequently, if the harmonic oscillator is in a stationary state |p,,),

a measurement of the observable X or the observable P can, a priori, yield any result
(since the spectra of X and P include all real numbers). We shall now calculate the mean

values of X and P in such a stationary state and then their root mean square deviations
AX and AP, which will enable us to verify the uncertainty relation.

As we indicated in § C-1-c, we shall perform these calculations with the help of
the operators a and af. As far as the mean values of X and P are concerned, the result

follows directly from formulas (C-22), which show that neither X nor P has diagonal
matrix elements:

(enl X|on) =

0
(@n|Plpn) =0 (D-1)

To obtain the root mean square deviations AX and AP, we must calculate the mean
values of X? and P?:

(AX)z = <‘Pn|X2|‘Pn> - (<‘Pn|X"Pn>)2 = (SOn,X2|99n>
(AP)? = (0| P?|on) — ((@nlPlon))® = (onl P2lon) (D-2)

Now, according to (B-1) and (B-7):

X? = f (a' +a)(a + a)

2mw
h
=3 (a™ + aa® + a'a + a?)
mw
hw
Pz = _m2 (a" —a)(a’ - a)
hw
= _m2 (a™ —aa’ —a'a + a?) (D-3)

The terms in a? and a'? do not contribute to the diagonal matrix elements, since a?|p,,)
is proportional to |¢,_2), and a'?|p,) to |¢,42); both are orthogonal to |¢,). On the

other hand:

(pul(ata+aal)|pn) = (pnl(2aTa + 1)|pn)

=2n+1 (D-4)
Consequently:
(XY = (pulXpn) = (n+ 1) (D-5a)
2 ) mw
(AP)? = (pn|P?|pn) = (n + %) mhw (D-5b) —
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D-3. Time evolution of the mean values

Consider a harmonic oscillator whose state at ¢ = 0 is:

oo
— [(0) = ) eal0)]en) (D-22) )
n=0 ox X “ Q 6
x° &R : \
(|12(0)) is assumed to be normalized). Its state |)(t)) at t can be obtained by using rule 6 X '; AT j—
(D-54) of Chapter I1I: oY — \
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n=0
> —i(7l+71")w'l
=Y cal0)e Ve (D-23)
S n=0
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The mean value of any physical quantity A is therefore given as a function of time N@ q UQD‘ V\ 5

by:
, e .
(@) Z Z A Pt (D-24) POTREITY .
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—W@b—@/\—dﬁfﬂi The Nobel Prize in Physics 2005 was divided, one
> half awarded to Roy J. Glauber "for his

\ . ~ ( . . . 1
— & o (erhawmmty  contribution to the quantum theory of optical —
ﬂl\ \905\ ) STeA { §Clra coherence", the other half jointly to John L. Hall

YN Ccex and Theodor W. Hansch "for their contributions ———
to the development of laser-based precision

spectroscopy, including the optical frequency

¥ comb technique."
;d CGowd> O !k t ; ?CUU

|

el gL A S Y SHY Sepn vy \?o\(\édios o S

velores  cl\ocon




